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O®er the past 20 years, PSA processes ha®e gained increasing commercial acceptance
as an energy-efficient separation technique. After a startup time, the system reaches

( )cyclic steady state CSS , at which the conditions in each bed at the start and end of
each cycle are identical. Contrary to the traditional successi®e substitution method, we
apply a direct determination approach using a Newton-based method with accurate
sensiti®ities to achie®e fast and robust con®ergence to CSS. Trust region methods and
scaling are used to handle ill-conditioning and model nonlinearities. When design speci-
fications are imposed, this approach is easily extended to include design constraints.
This eliminates trial-and-error experiments and determines all the operating parameters
simultaneously. In addition, we modify a standard flux limiter in order to deal with
nondifferentiable terms and ensure computational accuracy and efficiency. Optimal PSA
processes are designed by means of state-of-the-art rSQP-based optimization algo-
rithms. The simultaneous tailored approach incorporates detailed adsorption models
and specialized solution methods. Here, CSS con®ergence is achie®ed only at the opti-
mal solution and the time-consuming CSS con®ergence loop is eliminated. Applications
of se®eral nonisothermal VSA O bulk gas separation processes are presented to illus-2
trate all of these approaches.

Introduction
Over the past two decades, there has been widespread de-

Ž .velopment of pressure swing adsorption PSA systems. Their
applications have expanded from drying and trace-compo-
nent removal to bulk gas separations. With extensive indus-
trial applications, there is significant interest for an efficient
modeling, simulation, and optimization strategy. PSA systems
are distributed in nature, with spatial and temporal variations
that are mathematically represented by partial differential

Ž .equations PDEs . The conservation equations and models for
the equation of state, equilibrium, and thermodynamic and
transport properties are shown in Table 1.

Correspondence concerning this article should be addressed to L. T. Biegler.

Fixed-bed adsorption systems are typically operated in a
cyclic manner with each bed repeatedly undergoing a se-
quence of steps such as pressurization, adsorption, pressure
equalization, blowdown, desorption, and pressure equaliza-
tion. After a startup time, the system approaches cyclic steady

Ž .state CSS , where the conditions at the start and end of each
cycle in each bed are identical, and lead to normal produc-
tion.

The CSS condition is of central importance in the design
and optimization PSA processes. However, due to the intrin-
sic dynamics of PSA systems the convergence rate to CSS can
be very slow. In real plants, it can take up to two or three
days for PSA systems to reach periodic conditions. The tradi-
tional way to determine a CSS is to simulate a series of com-
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plete cycles until the bed conditions do not change from cycle
to cycle. This successi®e substitution method has the advan-
tage of simulating the true operation of a real plant. How-
ever, from a mathematical point of view, this approach is lin-
early convergent and, in many cases, thousands of cycles must
be run before a satisfactory cyclic condition can be reached.

ŽThus, this approach is very time-consuming Ritter and Yang,
. Ž .1991 . Webley 1998 uses a node-refinement procedure to ac-

celerate the convergence for successive substitution. The pro-
cedure starts with a small number of discretization nodes and
runs until CSS is reached. Then finer discretization nodes are
used and an interpolation scheme is used to add these nodal
values as new state variables. A new run is performed until
CSS is reached. This process is repeated until the bed pro-
files change very little from stage to stage. Although this
scheme is proven to be useful, it is still cumbersome and ex-
pensive in the case of design and optimization.

When design specifications must be met, the problem based
on CSS can be expressed as

F y , y� , q , t s0Ž .

W y t , y , q s0Ž .Ž .0

C y s y y y t s0Ž . Ž .0 0 cycle

LBF y , q FUB 1Ž . Ž .0

Here F is the discretized-bed model from Table 1; y are the
state variables; y are initial conditions for the state vari-0
ables; q are design variables, such as flow rates or valve con-

Ž .stants, which are subject to the lower bounds LB and upper
Ž .bounds UB ; W are design constraints that can include pu-

rity or pressure requirements; and C are the CSS conditions.
For this design problem, it is often necessary to simulate the
cycles and reach CSS several times for different operating

Žconditions before finding the desired one Croft and LeVan,
.1994 . Alternatively, PID control loops can be implemented

and design variables can be adjusted frequently to converge
Ž .the cycle Webley, 1998 . The disadvantage here is that per-

formance of the controller relies heavily on the PID tuning.
Problems also arise when design variables strongly interfere
with each other.

To overcome the inherent slow convergence of successive
substitution method, two types of direct-determination meth-
ods have been proposed. One is to discretize the PDEs in
both temporal and spatial domains simultaneously using a fi-
nite difference method or a finite-element method. To obtain
an accurate result, large discretization dimensions in both
temporal and spatial domains are needed. This leads to a
very large set of algebraic equations. These equations, to-
gether with the periodic CSS condition and design con-
straints, are solved by a standard nonlinear equation solver
Ž .Nilchan, 1997; Nilchan and Pantelides, 1998 . The second
method is a shooting method based on the method of lines.
Method of lines applies spatial discretization only and con-
verts the PDEs to a mixed set of differential algebraic equa-

Ž .tions DAEs . The DAEs are integrated over time along with
sensitivity information for these solutions. The sensitivities are
then used to determine a new estimate of initial conditions
using Newton-based algorithms. The new estimate is later
used as the starting point for integration of a new cycle. This

Table 1. PSA Adsorption Model

Mass balance
Ž .�� � n � � ®i i i

� q � q s0 is1, 2, . . . , NB s c� t � t � z

Linear dri®ing-force equation
� n ki i �Ž .s P yP is1, 2, . . . , Ni i c� t R TP V

Energy balance
N N � T

i iŽ .� � c yR q � c q � n cÝ ÝB i p E s s s i pž / � tis1 is1
N Ž .� n � �i hy � q q s0Ýs i � t � zis1

( )Steady-state momentum balance ergun equation
2 2Ž . Ž .� P �® 1y� �M® 1y�B By s150 q1.752 3 3� z dd � �pp B B

Single-site Langmuir adsorption isotherm
b P qi i i�n sm , where bsb expi 1 0N ž /R TE

1q b PÝ j j
js1

Gas in the macro pores of the adsorbent
�Ž .poregass � y� �r� and n sn qporegasT B i s i i

Ideal gas law
Ž .�sPr R TP V

Enthalpy
2 i 3 i 4Ž .hs � aTqbT qc T qc TÝ i p,c p, D

i

Molecular weight
Ms y M , where mole fraction y s �r�Ý i 0, i i i

i

Fluid ®iscosity
�s � y where � s� q� TÝ i i i 0, i 1, i

i

Žprocess repeats until the CSS condition is satisfied Smith
and Westerberg, 1992; Croft and LeVan, 1994; Ding and

.LeVan, 2001 . Newton algorithms can achieve quadratic or
superlinear convergence rates and require far fewer itera-
tions than the successive substitution method. However, extra
computation time is needed to calculate the Jacobian. To
simplify the Jacobian calculation, Smith and Westerberg
Ž .1992 use Broyden’s method and Kvamsdal and Hertzberg
Ž .1997 apply Muller’s update formula as well as Broyden’s

Ž .method. However, as Ding and LeVan 2001 point out, for
strongly nonlinear systems, these algorithms often fail to con-
verge, because the Jacobian becomes poorly approximated.

Ž .Ding and LeVan 2001 further propose a sensitivity interpo-
lation scheme with dynamic grid allocation. They first calcu-
late sensitivities only with respect to a few grids and use an
interpolation scheme to generate the whole sensitivity matrix.
More grid points are added and a new sensitivity matrix is
calculated if the convergence rate is poor. This scheme seems
to speed up the convergence rate quite dramatically. How-
ever, strong nonlinearities and ill-conditioning, which often
arise from complex models, are not addressed in their article,
and convergence experiments are based on heuristics. Future
general application of their method is not clear.
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Extending from Eq. 1, the optimization problem based on
CSS of PSA systems can be expressed as

Min � y , y , qŽ .0

s.t. F y , y� , q , t s0Ž .
W y t , y , q F0Ž .Ž .0

C y s y y y t s0Ž . Ž .0 0 cycle

LBF y , q FUB 2Ž . Ž .0

The terminology is the same as in Eq. 1, except that now q
are decision variables for optimization. Candidates for q can
be geometric parameters such as bed length, diameter, and
adsorption loading or process parameters such as flow rates,
step times, and operating pressures; � is the objective func-
tion, and can be

� Maximize overall recovery at desired purity
� Maximize profit at desired purity
� Minimize power requirement at desired purity
Several studies have attempted to optimize the PSA sys-

tems. Most of them can be classified either as black-box or
equation-oriented approaches. In the black-box approach, the
optimizer selects a set of decision variables for every experi-
ment. Based on these variables, the bed models are executed
until CSS is reached. At the end of the run, the values of
objective function and constraints are returned to the opti-

Ž .mizer. For instance, Webley 1998 uses response surface
methodology for this task. Based on a quadratic fit to the
surface for each response variable, interactions of significant
decision variables can be found. The black-box approach is
robust and capable of dealing with very detailed and compli-
cated models. It is, therefore, widely used in both industry
and academia. However, since it requires CSS convergence
for every single set of decision variables and hundreds of ex-
periments are usually needed, it is extremely time-consum-
ing.

Ž .On the other hand, Nilchan and Pantelides 1998 imple-
ment an equation-based approach using gPROMS. The opti-
mizer, CSS condition, and bed equations are all put in the
same framework and the convergence task is borne by the
nonlinear equation solver within gPROMS. This approach is
efficient for simple models. However, nondifferentiable terms
and steep fronts from more complex bed equations can often
lead to failure of the Newton solver. Besides, for complicated
models, the solver may fail due to the error accumulation

Ž .caused by complete discretization Ko et al., 2003 . Kvamsdal
Ž .and Hertzberg 1997 use SQP and sensitivity update schemes

to optimize a simple case. They report that quasi-Newton up-
dating approaches should not be used to update sensitivities
for optimization, as convergence is unstable. Instead, they
suggest a thorough parameter study be performed in order to
reduce the number of free variables and to find initial values
close to optimum before a realistic optimization problem is
solved.

In summary, most previous work on PSA optimization is
based either on a robust but expensive black-box approach,
or on an equation-based approach designed for simpler ad-
sorption models. In this article we develop a new approach
that overcomes some of the shortcomings of these ap-
proaches. Instead, we develop an efficient, flexible, and reli-

able optimization strategy that incorporates realistic, detailed
process models and rigorous solution procedures. This article
is organized as follows. The next section explains the overall
solution strategy, including PDE discretization, CSS conver-
gence acceleration, sensitivity calculation, and optimization.
The third section presents three single-bed PSA processes as
case studies. The fourth section states the conclusions and
future work.

Solution Strategy
This section is divided into four parts in order to focus on

the key elements of the optimization approach. We first dis-
cuss the discretization of the PSA bed equations. Next we
deal with convergence acceleration of CSS problems. This is
followed by a discussion of sensitivity calculations for DAEs,
and finally, the implementation of a gradient-based optimiza-
tion algorithm.

PDE discretization
In our work, we use the methods of lines to spatially dis-

cretize partial differential equations into sets of differential
algebraic equations. In order to ensure the accurate approxi-
mation of the adsorption models, the selection of an appro-
priate discretization method is essential. Because first- and
second-order finite difference or finite-element methods of-
ten introduce physically unrealistic numerical smearing or os-
cillation near steep adsorption fronts, it is important that we
use high-resolution methods to mitigate the numerical noise
Ž .LeVeque, 1992 . In addition, an accurate solution needs to
be addressed with conser®ati®e methods, which preserve the
mass and energy balance in the spatial direction. Therefore,
we apply the finite ®olume method, since it is particularly
suited for modeling hyperbolic conservation laws, given its

Ž .inherent conservative properties Hirsch, 1988 . Webley and
Ž .He 2000 use this method for their PSA simulation. With a

finite volume method, the spatial domain is divided into a
discrete number of volume elements and PDEs are inte-
grated over each element, j

z jq1r2
f z dzs� f 3Ž . Ž .H j j

z jy1r2

Here � is the spatial length of volume element j and f isj j
the volume average of f in volume j. We assume f s f ,j j
where f is the value of f at the center of volume, j; andj
j�1r2 are the walls of volume j. In one dimension, the
scheme is shown in Figure 1.

Thus, PDEs are converted to a set of coupled ODEs for
the unknown nodal values. For example, for the mass-bal-

Figure 1. Finite volume method in 1-dimension.
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Žance equation in Table 1, the derived ODE is for the jth
.node and ith component

d� dn 1i , j i , j
� q � q � �ŽB s i , jq1r2 jq1r2dt dt � j

y � � s0 4. Ž .i , jy1r2 jy1r2

Ž .Webley and He 2000 suggest using the quadratic up-
Ž .stream interpolation scheme QUICK to interpolate cell val-

ues to wall values, where wall values are obtained from
quadratic upstream interpolation of one downstream node
and two upstream node values. To avoid physically unrealis-
tic oscillations and ensure positivity of solutions, they also
use an adaptive flux limiter based on the ratio of successive
differences.

We verified that the QUICK flux limiter scheme is able to
track the sharp front fairly well. However, since the first
derivative of the flux limiter equation is not continuous ev-
erywhere, the sensitivity calculation encounters difficulty in
integration. To overcome this problem we apply the Van Leer

Ž .flux limiter Hirsch, 1988

� �rq r
� r s 5Ž . Ž .

1q r

Here r is the ratio calculated by

� y �j jy1
r s if ® G0j j� y �jy1 jy2

and

� y �jy1 j
r s if ® �0 6Ž .j j� y �j jq1

Ž .This form is shown in Figure 2 I .
Unfortunately, since the derivative near the origin is still

discontinuous, this form also suffers the same numerical dif-
ficulty as QUICK. Therefore, we adopt a smoothing function
Ž .Biegler et al., 1997 and modify the interpolation scheme for
wall values as

1r2� 2 2r s0.5 r q� q0.5rŽ .
2 r�

�
� r s 7Ž . Ž .�1q r

Figure 2. Van Leer’s flux limiter.

Ž .This smoothed form is shown in Figure 2 II . Therefore, the
overall interpolation scheme becomes

� y �jy1 jy2 �� s � q � r if ® G0Ž .jq1r2 j j2

or

� y �j jq1 �� s � q � r if ® �0 8Ž . Ž .jq1r2 jq1 j2

Ž .Although � r is now a smooth function, we note that
� is not smooth when ® changes the sign. This can affectjq1r2 j
the accuracy of the sensitivity calculations if we do not track
the sign change exactly. However, in our work the sign change
occurs at zero flow, and this zero contribution to the conser-
vation equation does not lead to computational problems.
Therefore, the results from Eq. 8 are directly used in Eq. 4.
The same scheme can be used for other state variables, such
as temperature. After being smoothed, the Van Leer flux
limiter works well with integration of states and their sensitiv-
ities. To test the performance of different limiters on
shockrcontact discontinuities, we evaluated test problems

Ž .from Leonard 1991 . The results show that our smoothed
Van Leer is more advantageous than the QUICK scheme and
donor cell, with no oscillation and the least smearing at the
fronts. We also compared our work with an analytical solu-

Ž .tion to an adsorption problem from Bird et al. 1960 . By
increasing the mass-transfer coefficient in this, we could make
the adsorption front arbitrarily sharp. The smoothed Van
Leer still performs the best among the three. Figure 3 shows
the agreement between our work and the analytical solution
for an extremely sharp front.

CSS con©ergence acceleration
After converting the partial differential equations into dif-

ferential algebraic equations, we use a DAE solver to inte-
grate the bed operation over a cycle. Instead of using a time-
consuming successive substitution method, we apply the di-
rect determination approach proposed by Smith and Wester-

Ž . Ž .berg 1991 and Croft and LeVan 1994 . In direct determi-
nation approach, the periodic condition at cyclic steady state

Figure 3. Test of smoothed Van Leer flux limiter using
an adsorption model.
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is defined mathematically as

e sC y s y t y y 9Ž . Ž .Ž .k 0,k cycle 0,kk

Here k is the iteration number, y and y are final andk 0 k
initial conditions at the k th iteration, e is the system error,k
which must be equal to zero at CSS. With Newton’s method,
a direction is given by

p sy Jy1e 10Ž .k k k

where the Jacobian is defined by

� e � yk k
J s s y I 11Ž .k � y � yŽ .0k 0 k

where � y r� y is a matrix of sensitivities of the final condi-k 0 k
tion on the initial condition at kth iteration. Therefore, the
new estimate is given by

y s y q p 12Ž .0,kq1 0,k k

When there are design constraints, such as pressure or
product purity requirements, the direct determination ap-
proach can be easily extended to find operating parameters

Žfor cycles that satisfy these constraints Croft and LeVan,
.1994 . We can incorporate the design constraints into the er-

ror term and define the augmented error vector and aug-
mented Jacobian as

C y y yk k 0 k
e s s s0 13Ž .k W Wk k

� y � yk ky I
� y � q� e 0k kk

J s s 14Ž .k � W � W� y , qŽ . k k0 k k

� y � q0k k

where W is a vector function of design constraints to be satis-
fied at CSS and q is the set of design variables that are cho-
sen to satisfy the design constraints. After a new step has

Ž .been determined by Eq. 10, the new states for y , q are0k k

y y0,kq1 0,ks q p 15Ž .kq qkq1 k

Variations of Newton and quasi-Newton methods can also
Ž .be applied here, as shown by Smith and Westerberg 1992 ,

Ž . Ž .Croft and LeVan 1994 , Ding and LeVan 2001 , Kvamsdal
Ž .and Hertzberg 1997 , to solve relatively simple cycles and

achieve a fast convergence rate. However, because adsorp-
tion models can be very sensitive to input parameters, the
Jacobian matrix is likely to be poorly conditioned. In this case,
the Newton step may be very poor and the method may fail.
Thus, we consider a hybrid trust region method instead.

Ž . TTo develop this method, we note that for � x s e er2, the
steepest descent direction is defined by

psdsy	� x sy J Te 16Ž . Ž .k k k k

where J is defined in Eq. 11. Locally this step gives thek
Ž .greatest reduction in � x , and will give an improved point

even if J is ill-conditioned. However, globally this step hask
only a linear rate of convergence, so the convergence can be
very slow. Therefore, we consider an algorithm that uses a
combination of Newton and steepest-descent steps and
chooses a search direction between them automatically, such

Ž .as Powell’s dogleg method Powell, 1970 . The implementa-
Ž .tion of the dogleg method is as follows Biegler et al., 1997 .

We define a Cauchy step from steepest-descent direction

pcs
 psd where 
sI psdI 2rI Jp sdI 2 17Ž .

where I � I is the Euclidean norm and 
 is determined by
Ž .minimizing � x along the steepest-descent direction. For a

desired step length, � , the search direction, p, can be deter-
mined by

�
c c cfor � FI p I, ps� p rI p I

�
N Nfor � GI p I, ps p

�
N c N cŽ .for I p I�� �I p I, ps�p q 1y� p

where

�s � yI pcI r I p NIyI pcI 18Ž . Ž .Ž .

For a small � , a Cauchy step is taken, while for large � , we
take a Newton step. Otherwise, we take a linear combination
of the steepest descent and Newton step. In this way, a poor
Newton step due to an ill-conditioned Jacobian is avoided.
The dogleg approach has been incorporated within the Hybrd

Ž .open source code by More et al. 1980 , which can be found
Ž .on Netlib www.netlib.org .

An accurate Jacobian is essential to the success of the
Newton method. However, the long computation time for the
Jacobian is also of great concern to the efficiency of the di-
rect determination approach. In the Hybrd code, Broyden
updates are used to avoid the full Jacobian evaluation, and
this has proved to be cheap and efficient. The performance
of the Broyden update is monitored using the system error
norm. If the error continuously increases during selection of
the trust region, the Broyden matrix is rejected and an exact
Jacobian is calculated. To calculate the Jacobian, we imple-
ment two options: the finite difference method and the direct
sensitivity method. In the finite difference method, each col-
umn of the Jacobian is generated by perturbing one element
of the variable vector and integrating the DAE system over
one cycle. Finite difference is easy to implement. However, in
the case where the variables vary over different orders of
magnitude, the accuracy of finite difference may be unsatis-
factory. A more accurate direct sensitivity approach will be
discussed in the following subsection.

In addition, due to nonisothermal and multilayer adsor-
bent effects and steep adsorption fronts, the bed model can
be so nonlinear that even the trust region and dogleg step
cannot guarantee robust convergence. Sometimes a Newton
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search direction can point directly to the CSS solution, yet
still fail to converge. We have observed this phenomenon in
one PSA model. Also the Cauchy step is nearly orthogonal to
the Newton step in some ill-conditioned cases and will con-
verge extremely slowly to a cyclic steady state. Instead, by
scaling the state variables properly, we obtain a better condi-
tioned Jacobian. In our work, two methods were applied to
scale the Jacobian. The first approach is by using the MC19
routine from the Harwell Subroutine Library. MC19 is used to
calculate scaling factors automatically so that the scaled ma-
trix has nonzero elements near unity. In the second method
we examine the Jacobian elements and decide by inspection
which variables need to be rescaled. For instance, if the sen-
sitivities relating to solid loading are particularly large, we
may consider a smaller scaling factor for solid loading. Both
approaches achieve better-conditioned Jacobians, are proven
to be effective, and have been included in our solution strat-
egy to achieve robust convergence.

DAE sol©er and sensiti©ity e©aluation
After converting the PDEs to DAEs, we apply the DAE

Ž .solver DASPK 3.0 Li and Petzold, 1999 to integrate the bed
equations. DASPK solves initial-value problems for differen-

Ž � .tialralgebraic equations of the form F t, y, y , p s 0 using a
Ž .combination of backward differentiation formulas BDF and

a choice of linear system solution methods. For a general
DAE system

F t , y , y� , q s0 19Ž . Ž .1

DASPK solves this equation by a modified version of New-
ton’s method

y1
� F � F1 1kq1 k k ky s y yc 
 q F t , y , 
 y q
 ,q 20Ž .Ž .� 1ž /� y � y

Here, 
 , 
 , c are coefficients from the BDF discretization.
DASPK can also perform a sensitivity analysis with respect to
the parameters dyrdq and dyrdy simultaneously with solu-i 0, i
tion of the DAE system. Other DAE solvers, such as

Ž . ŽDDASAC Stewart et al., 1995 and ODESSA Leis and
.Kramer, 1988 can perform the same task, but DASPK 3.0

adopts a more advanced sensitivity calculation method. Sen-
sitivity analysis entails finding the derivative of each variable
y with respect to each parameter. This produces additional
N � N sensitivity equations, which yieldq y

F t , y , y� , q s0Ž .1

� F � F � F1 1 1�s q s q s0, is1, . . . , N�i i q� y � y � qi

where

s s� yr� q 21Ž .i i

If we define

�F t , y , y , qŽ .1

� F � F � Fy 1 1 1�s q s q�1 1s � y � y � q1 iys , Fs 22Ž .
��� ���
s � F � F � FNq 1 1 1�s q s q�Nq Nq� y � y � qi

Ž � .the system can be rewritten as F t, Y, Y , q s0 and can be
kq1 k y1 Ž k.solved by Newton’s iteration Y sY y J F Y , whereF

J represents the Jacobian of F. After solving for sensitivi-F
ties, s , we load the sensitivities into a Jacobian, which we usei
later to determine new states.

Sensitivity methods can be classified into the staggered di-
Ž .rect Caracotsios and Stewart, 1985 , simultaneous corrector

Ž .Maly and Petzold, 1996 , and staggered corrector options
Ž .Feehery et al., 1997 . At each time step, the simultaneous
corrector method solves the entire dynamic system of state
and sensitivity Eqs. 21. Staggered methods first solve the dif-
ferential equations for the state variables at each time step.
After the Newton method has converged for the state vari-
ables, sensitivity equations are solved at the current step. In
solving the sensitivity equations, the staggered direct method

Ž �. Ž .updates the Jacobian factorization 
 � F r� y q � F r� y at1 1
every step, while the staggered corrector, the most recent
method, refactorizes this Jacobian matrix only when neces-
sary. Since this is often the most expensive step in the sensi-
tivity algorithm, considerable savings are made. For more de-
tails on comparison of these three methods, see Li and Pet-

Ž .zold 2000 .
Ž �. Ž .The 
 � Fr� y q � Fr� y matrix and sensitivity residuals

are determined either by a finite difference approximation or
through automatic differentiation. When automatic differen-

Ž �. Ž .tiation tools are used to evaluate 
 � Fr� y q � Fr� y and
sensitivity residuals, the accuracy and computation efficiency
can be further enhanced. Automatic differentiation tech-
niques apply the chain rule repeatedly to the function sub-
routine to compute derivatives that are correct up to machine

Žprecision. For instance, the code ADIFOR 2.0 Bischof et al.,
.1994 can be implemented with DASPK 3.0 to generate accu-

rate sensitivities. In our studies we compared both the auto-
matic differentiation and finite difference options. For a
well-scaled problem, it appears that the finite difference op-
tion was reasonably accurate. However, automatic differenti-
ation may be faster as a result of more accurate sensitivities
and fewer Newton solver failures.

Low-Order Parameterization for CSS. Nevertheless, a dis-
advantage of the direct sensitivity approach is that the com-
putational cost of sensitivities increases linearly with N andq
N ; this will be expensive when N is large. Therefore, wey q
also consider low-order profile parameterizations to reduce
this cost. Many adsorption-bed profiles have some simple
shapes that can be approximated by polynomials, splines,
Fourier transformation, or eigenfunction expansions. As a
first step, we develop a low-order profile representation where
cyclic steady-state profiles are approximated by Lagrange in-
terpolation polynomials. We choose interpolation points and
Lagrange polynomials to approximate the state variables spa-
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tially over the whole bed

y z ,t s y l zŽ . Ž .Ý j j
j

where

zy zŽ .Ł i
i� j

l z s 23Ž . Ž .j z y zŽ .Ł j i
i� j

Here, y is any state variable, y are the chosen interpolationj
Ž .points, l z is the Lagrange polynomial, and z is the locationj

Ž .of the point j. Thus, instead of solving y t s y for allcycle 0
state variables, the convergence criterion shrinks to

y t s y 24Ž .Ž .j cycle 0, j

Since y is only a small subset of the state variables y, thej
number of sensitivity parameter N is significantly reducedq
and sensitivity calculation is much cheaper. However, this
simplification may introduce inaccuracy into design and opti-

Ž .mization results Biegler et al., 1985 . As pointed out, the use
of simplified models can lead to false optima. This will be
seen further in the case study below.

PSA optimization
As mentioned earlier, the black-box approach is inefficient

for optimization and the equation-based approach cannot
handle detailed models well. To overcome these deficiencies,
we develop a simultaneous tailored approach. Here conver-
gence of cyclic steady state is incorporated as a constraint in
the optimization problem. At each iteration, the detailed
DAE bed model is solved in an inner loop, in order to obtain
values of the constraints and objective function. Also, accu-
rate gradients with respect to parameters are obtained
through sensitivity calculations. Since cyclic steady state is
converged only at the optimum, the time-consuming CSS

convergence loop is eliminated and the tailored approach is
much faster than the black-box approach. Compared with the
equation-based approach, the tailored approach is robust and
able to deal with complicated models. Nondifferentiability
caused by flux limiters is handled by using smoothing func-
tions and initialization is fairly easy. Figure 4 shows the struc-
tures of three optimization algorithms.

We adopt the reduced-space successive quadratic program-
Ž . Žming rSQP Boggs and Tolle, 2000; Ternet and Biegler,

.1998 as the optimization algorithm in the simultaneous tai-
lored approach. Since the number of design variables is rela-

Ž .tively small �20 , rSQP is designed to optimize large non-
linear programming systems of the form Eq. 25 and is well
suited because it exploits the problem structure.

min f xŽ .
x

s.t .c x s0Ž .

x LF xF xU 25Ž .

Ž . Ž .Here, f x is the objective function and c x is a set of con-
straints. SQP is derived from a quadratic approximation of
the Lagrange function and by linearizing the constraints. At
an iterate, x , a search direction, d , is generated by solvingk k

1T Tmin g x dq d B x dŽ . Ž .k k2d

Tc x q A x ds0Ž . Ž .k k

x LF x qdF xU 26Ž .k

Ž . Ž . Ž .where g x denotes the gradient of f x ; B x denotes the
Ž . Ž . T Ž .Hessian of the Lagrange function L x, � s f x q� c x ,

Ž .and A x denotes the n� m matrix of constraint gradients
Ž . w Ž . Ž .x w xA x s 	c x , . . . , 	c x s J Q . The variables arek 1 k m k

Ž . Ž .partitioned into independent nym and dependent m
variables, and the search direction is defined as d sY p qk k Y
Z p , p gRm, p gRnym. Here p updates the depen-k Z Y Z Y

( ) ( ) ( )Figure 4. a Black-box approach; b equation-oriented approach; c simultaneous tailored approach.
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dent variables, which serve to improve the solution of the
equality constraints, while p updates independent variables,Z
which act in the null space of the constraints and serve to
minimize the objective function; Y and Z are two basis ma-k k
trices with AT Z s0 and Y gRn�m, Z gRn�Žnym.. Herek k k k

I0Y s , Z s . The direction p usually comesy1k k Yy J QI
from a Newton step

00Yp s p s 27Ž .Ž . y1Y yN y J cI k

and the p step is computed by solving a smaller QP sub-Z
Žproblem in the space of independent variables Ternet and

.Biegler, 1998

1T Tmin g x Zp q p B x pŽ . Ž .k Z Z k Z2d

x LF x qZp qYp F xU 28Ž .k Z Y

Ž .As mentioned earlier, the Jacobian J x that includes the
CSS equations may be ill-conditioned. To ensure robust con-
vergence and prevent bad Newton steps, we incorporate a
dogleg step for the calculation of p . With this implementa-Y
tion the p step is transformed to a hybrid step, between aY
Newton direction and a steepest-descent direction. Here the
steepest Cauchy step is defined by

Yp sy
 AcŽ . Ž .Y kc

where

I Ac I 2Ž .k

s 29Ž .T 2I A Ac IŽ .k

Figure 5. Flow sheet for rSQP Optimization Algorithm.

In addition, the rSQP algorithm incorporates an Armijo
line-search strategy to promote global convergence behavior.
The stepsize 
 is chosen so that x s x q 
 d isk kq1 k k k

Ž .found that reduces an exact penalty function �s f x q� Ik
Ž .c x I , where IcI is the Euclidean norm of constraints.2 2

The dogleg algorithm with line search can be derived from
Ž .Eq. 18 by substituting 
I Yp I for � , to yieldY N

if


s1,

then

Yp s YpŽ . Ž .Y Y N

if


F
 ,c

then



Yp s YpŽ . Ž .Y Y c
c

where

I Yp IŽ .Y c

 sc I Yp IŽ .Y N

else

Yp s� Yp q 1y� YpŽ .Ž . Ž . Ž .Y Y YN c

where


y
c
�s 30Ž .

1y
c

Here � is a penalty parameter defined to include the hybrid
features

T � � T �®q g Yp ®q g Yp r
Ž . Ž .Y Y cN c
�Gmax ,IcI 
2 T½ 5IcI � �Yp Yp r
Ž . Ž .2 Y Y cc c

31Ž .

where ® is the vector of bound multipliers. To validate the
modification with the dogleg step, we ran several test prob-
lems and found that the dogleg modification performs at least

Figure 6. Single-bed, 3-step PSA cycle.
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Figure 7. Boundary conditions for System 1.

as well as the Newton step. In cases where the constraints are
particularly hard to converge, the dogleg performs much bet-
ter and takes far fewer iterations than with Newton steps.

For termination criteria, as pointed out by Nash and Sofer
Ž . Ž .1996 , the scale of 	 L x , � depends on the objectivex k k
function. Therefore, our convergence test is given by

	 L x ,�Ž .x k k
max ,Ic x I �� 32Ž . Ž .k �ž /� �f x q1Ž .k �

The tolerance � is selected according to the accuracy of func-
tion evaluations. If the tolerance for the differential equation

Ž y6.integration, that is, the function evaluation, � such as 10 ,I

Ž .then x and 	f x can only expect a precision of �s � s'k k I
y3 Ž .10 . Gill et al. 1989 point out that �s � is overly strin-' I

3 y2gent and suggest �s � s10 according to their experi-' I
ence. The basic algorithm for rSQP is summarized in Figure
5.

Case Study and Computational Results
Applications of a single-bed 3-step O VSA cycle and two2

single-bed 6-step O VSA industrial cycles are used to2
demonstrate the CSS and optimization algorithms. These
processes are used to separate O from air using a zeolite2
molecular sieve.

( ) ( )Figure 8. O mole fraction profile a after the first cycle; b at CSS, system 1.2
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( )Figure 9. a Comparison of CSS convergence speed
( )with different methods, system 1; b CSS

convergence with Newton method, system 1.

System 1
Figure 6 shows the flow sheet for a single-bed 3-step non-

isothermal VSA cycle. The cycle is operated in three steps:
Ž . Ž . Ž . Ž .1 make product adsorption , 2 evacuation, and 3 repres-
surization. The duration time for each step is 19, 15, and 5 s,
respectively. The bed models are shown in Table 1 with
boundary conditions shown in Figure 7.

The adsorption bed is discretized into 30 nodes using a
finite volume method. Each node has five differential vari-
ables, which are densities and loadings for two components
and one temperature variable. The number of state variables
for the DAE model is 150. The equilibrium partial pressure
is determined from a Langmuir isotherm using a Newton
solver in an inner loop. The DAE integration was performed

Žusing DASPK 3.0, with the banded structure option band-
.width s 3 nodes of states , and the finite difference option

Ž �. Ž .to generate 
 � Fr� y q � Fr� Y . A staggered-corrector
method is used to calculate the sensitivities, with central dif-
ferencing to compute the sensitivity equations using 10y3 as
the perturbation factor.

After simulating the bed performance, we get the bed pro-
files. Figure 8 shows the O mole fraction profiles after the2
first cycle and at cyclic steady state. These profiles have been

Žvalidated using the in-house simulator at APCI Kumar et al.,
.1994 .

Ž .Figure 9 a compares the CSS convergence speed among
successive substitution methods, a full direct-determination
method with dogleg implementation, and a parameterized,
low-order direct-determination method, with respect to an
equivalent cycle evaluation based on CPU time. It takes 156
successive substitution cycles to reach an error norm of 9.86
�10y5 and one Jacobian evaluation with several Broyden
updates to reach 5.46�10y5 with Hybrd. Also, a second-
degree Lagrange polynomial is used to parameterize the bed
profiles at CSS. The number of interpolation points is three,
and we choose the first, fifteenth, and thirtieth nodes as the
interpolation points. When low-order parameterization is
used, the convergence is accelerated dramatically and com-
putation time is reduced by 90%. On the other hand, the
pure Newton method with accurate sensitivities takes five full
Jacobian evaluations to converge to an error norm of 5.22�
10y5. As seen by the performance plot in Figure 9b, it is also
clear that the competitiveness of a direct-determination ap-
proach depends on evaluating an accurate Jacobian quickly.

Ž .Next we consider the design problem Eq. 1 . Table 2 lists
the selected design variables and constraints. The pressures
are measured at the end of the bed at the end of each step.
O purity is calculated at the bed outlet according to2

®� y O dtŽ .Ž .H 2
step1

YPy s0 33Ž .
®� dtH

step1

In order to evaluate the integral, we add two additional dif-
ferential equations and two new state variables into the DAE
system.

d F� yŽ .
�s®� y O andŽ . end2 of beddt

dF
�s®� end of beddt

Table 2. Design Results for System 1

Base Value 3-Pt Interpolation Full Order
3Ž .Feed stream F , mrs 11.80 10.35 9.771

3Ž .Evacuation stream F , mrs 11.80 12.55 12.492
3Ž .Purge stream F , mrs 11.80 13.45 13.463

Ž .Valve constant CV 5.086 2.748 2.511
Ž .End of step 1 pressure P , kPa 152.26 172.25 172.251
Ž .End of step 2 pressure P , kPa 49.538 50.66 50.662
Ž .End of step 3 pressure P , kPa 106.77 116.52 116.523

Ž .O purity YP, % 30.55 35.00 35.002
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( ) ( )Figure 10. a Temperature profile; b O density profile for 3-pt interpolation under design conditions, system 1.2

Table 3. Optimization Results for System 1
Ž .a Decision Variables
Ž . Ž . Ž . Ž . Ž .CV P tank kPa T s T s YP % RC %2 3

Base value 5.086 113.89 15.0 5.0 30.55 71.94
Design 2.511 113.89 15.0 5.0 35.00 62.24
7-pt optimal 4.249 132.63 100.0 91.15 35.00 96.23

Ž .Full optimal FD 2.908 30.90 100.0 98.28 35.00 89.83
Ž .Full optimal AC 2.908 205.69 100.0 98.26 35.00 89.83

Ž .b Bed Pressures at Each Step
Ž . Ž . Ž .P kPa P kPa P kPa1 2 3

7-pt interpolation 250.78 11.16 1,641.46
Ž .Full order FD 389.90 10.38 2,029.54
Ž .Full order AC 389.70 10.37 2,028.53

[ ( )]Table 4. Convergence Errors see Eq. 32 at the Optimal
Solution for System 1

Ž .	 L x , �x k k Ž .Ic x I Iter. No. CPU hk �� Ž . �f x q1k

y5 y57-Pt interpolation 2.0�10 9.5�10 81 7.63
y6 y4Ž .Full order FD 2.1�10 1.4�10 52 16.13
y6 y4Ž .Full order AC 7.7�10 1.8�10 55 40.77

Figure 11. Temperature under optimal conditions for
( )system 1 7-pt interpolation .

during step 1, and

d F� y dFŽ .
s s0 34Ž .

dt dt

during steps 2 and 3.
The design targets are P s172.25 kPa, P s50.66 kPa, P1 2 3

s116.52 kPa, and YPs35%. Applying the direct-determina-

Figure 12. O mole fraction profile under optimal condi-2
( )tions for system 1 full order .
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Table 5. Design Results for System 2

Base Design
3Ž .Feed stream for step 1, 6 F , mrs 4.73 4.631

3Ž .Evacuation stream for step 3&4 F , mrs 6.90 6.782
Ž .Valve constant on step 4 CV 1.336 0.7362
Ž .Valve constant on step 6 CV 1.673 1.4854

Ž .Valve constant CV 0.139 0.125t
Ž .End of step 1, pressure P , kPa 149.35 151.991
Ž .End of step 3, pressure P , kPa 48.74 50.663
Ž .End of step 4, pressure P , kPa 71.03 60.804
Ž .End of step 6, pressure P , kPa 101.63 101.336

Ž .Product purity YP, % 85.52 95.00

Ž .tion approach to the problem Eq. 1 , we achieve the results
listed in Table 2. Compared to the base case, less gas is used

Ž . Ž .in F , but more is used for F . This leads to more gas1 3
Ž .withdrawn during the vacuum step F and less product re-2

Ž .trieved CV , but with higher product purity.

Figure 13. Six-step industrial PSA cycle.

To compare with a full discretization, we also use a sec-
ond-degree Lagrange interpolation polynomial to parametrize
the bed profiles at CSS. Both the low-order approximation
and full-order method succeed in satisfying the design con-

Figure 14. Additional model equations for system 2 and 3.
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straints. For the low-order method, much less computation
time is required than for the full-order method, and the accu-
racy is reasonably good. Figures 10a and 10b show the bed
profiles under design conditions given by the low-order
method. The variables match only at the interpolation points
at the beginning and the end of the cycle.

Ž .Finally, we consider the optimization problem Eq. 2 . We
Ž .choose to maximize O recovery at desired purity 35% at2

cyclic steady state. Recovery is calculated by

®� y O dtŽ .Ž .H 2
step1

RCs 35Ž .
®� y O dtŽ .Ž .H 2

step1&3

As decision variables, we choose product tank pressure
Ž . Ž .P , the valve constant CV , and step times for steps 2tank

Ž .and 3 T , T . Also in our comparison, we use a 7-point2 3
Lagrange polynomial with interpolation points at 1, 7, 15, 18,
22, 26, 30. The upper bounds for T and T are 100 s. Table2 3
3 shows the optimal results. We also compare the results given

Ž .by finite difference derivatives FD and accurate sensitivities
Ž .generated by DASPK AC ; they are very close, although AC

requires twice the CPU time. We also note that low-order
approximation leads to inaccurate optimization results. As
seen in Figure 11, a higher recovery is achieved from low
parameterization at the cost of not satisfying the cyclic
steady-state condition. Therefore, caution needs to be taken
if low-order methods are to be used for optimization. Table 4

Ž .lists the convergence errors defined by Eq. 32 at the opti-
mal point, while Figure 12 shows the O mole fraction profile2
under optimal conditions.

Note that at the optimal point, the purity and recovery are
insensitive to the tank pressure, P . According to the valvetank

Ž .equation, any P less than P 389.70 kPa does not affecttank 1
purity and recovery. Compared with the benchmarks, the op-
tima achieves 18% more recovery than the base conditions
and 27% more recovery than the design conditions while sat-
isfying the purity constraints. In order to achieve the maxi-
mum recovery possible while maintaining the purity, we now
withdraw the product and repressurize at a high level, and
both T and T almost hit their upper bounds. This allows2 3
more opportunity for adsorption and regeneration of O dur-2
ing the cycle.

System 2
This is a single-bed 6-step industrial O VSA process. The2

adsorption bed is continuously packed with one adsorbent.
The flow sheet is shown in Figure 13. The duration for each
step is 25, 5, 15, 10, 3, 3 s, respectively. A nonisothermal,
nonisobaric product tank is included in the flow sheet. The
bed models are similar to Table 1, with some additional
equations shown in Figure 14.

The adsorption bed is discretized with 48 nodes. At each
node, there are two algebraic variables, which are the equi-
librium partial pressure for two components, and five differ-
ential variables, which are the gas density and loading for two
components and temperature. There are three additional dif-
ferential variables, the gas densities and temperature in the

( ) ( ) ( )Figure 15. a N mole fraction; b N loading; and c2 2
temperature profiles at cyclic steady state for
system 2.
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Table 6. Optimization Results for System 2
3 3Ž . Ž . Ž . Ž . Ž . Ž . Ž .F mrs F mrs CV CV T s T s P kPa P kPa P kPa YP, % Work, MJrkmol1 2 2 t 1 4 1 3 4

Design 4.63 6.78 0.736 0.125 25 10 101.99 50.66 60.80 95.00 15.59
Ž .Opt FD 4.47 6.90 0.733 0.125 24.9 8.19 101.99 51.07 61.20 95.00 14.83
Ž .Opt AC 3.93 6.90 0.775 0.110 25.6 4.97 101.99 51.27 61.40 95.00 14.35

Upper bound 0 0 3.0 3.0 100 100 NrA NrA NrA NrA NrA
Lower bound 0.1 0.1 0.3 0.0003 1 1 NrA NrA NrA NrA NrA

Figure 16. Comparison of convergence speed of suc-
cessive substitution and direct determina-
tion for system 2.

product tank. DASPK is used as a DAE solver to solve this
system of 339 state equations. ADIFOR is used here to eval-

Ž �. Ž .uate 
 � Fr� y q � Fr� y and the sensitivity equations. The
SparsLinC option is used to generate the sparse Jacobian,
the matrix-vector option is used to generate the sensitivity
residual, and a staggered-corrector method is used.

The cyclic steady-state profiles are shown in Figure 15, and
a comparison of successive substitution with direct determi-
nation is shown in Figure 16. It takes 1,500 successive substi-
tution cycles to converge, while direct determination requires

only two Jacobian evaluations and several Broyden updates.
In Figure 16, we observe some spikes after each Jacobian
reevaluation. This occurs as the trust region size adjusts itself
and stabilizes the convergence. We also consider a pure New-
ton method, but this takes extremely small steps toward the
solution.

The design targets are P s151.99 kPa, P s50.66 kPa, P1 3 4
s60.80 kPa, P s101.33 kPa, YPs95% and O purity is6 2
calculated at the tank by

®� y O dtŽ .Ž .H tan k2
step1

YPs 36Ž .
®� dtH tank

step1

Table 5 shows design results. Again, direct determination sat-
isfies the design constraints.

( )Table 7. Convergence Errors Eq. 32 at the Optimum for
System 2

Ž .	 L x , �x k k
Ž .Ic x I Iter. No. CPU h� Ž . �f x q1 k �k

y2 y5Ž .Opt FD 4.6�10 7.4�10 57 42.27
y4 y5Ž .Opt AC 3.1�10 4.9�10 34 38.03

( ) ( )Figure 17. a N loading; b N mole fraction. Bed profiles under optimal condition for system 2.2 2
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Table 8. Design Results for System 3
Ž . Ž . Ž . Ž . Ž .F F CV CV CV P kPa P kPa P kPa P kPa YP %1 2 2 4 t 1 3 4 6

Base 4.73 6.90 1.336 1.673 0.138 154.32 49.55 71.03 103.15 74.18
Design 4.45 6.81 0.716 1.503 0.097 151.99 50.66 60.80 101.33 95.00

Table 9. Optimization Results for System 3
Ž . Ž . Ž . Ž . Ž . Ž .F F CV CV T s T s P kPa P kPa P kPa YP % Work1 2 2 t 1 4 1 3 4

Design 4.45 6.81 0.716 0.097 25 10 151.99 50.66 60.80 95.00 18.62
Ž .Opt FD 5.06 6.90 0.766 0.097 18.41 5.73 151.99 50.26 60.39 95.00 18.38
Ž .Opt AC 3.90 6.90 0.729 0.089 26.40 7.25 151.99 50.36 60.49 95.00 18.14

For optimization, we choose to minimize the specific work
while maintaining 95% O purity at cyclic steady state2

� �® �W dtŽ .H s

specific works MJrkg �mol 37Ž . Ž .
®� dtŽ .H

where

Ž .� y1r�
� P ® Pi i o

worksW s y1s ž /� y1 Pi

Here P and P are the pressures at the inlet and outlet ofi o
the compressors in steps 1, 3, 4, and 6 in Figure 13. Using
Eq. 37, specific work is calculated only if P � P ; � is theo i
ratio of constant pressure and constant volume heat capaci-

Ž .ties such as � s1.4 for the O rN system ; and ® is the2 2 i
specific volume of gas at compressor inlet conditions. Gas
density and velocity are evaluated at the inlet of the bed.
Additional constraints on the step pressures are P G151.991
kPa and P sP q10.13 kPa. Flow rates F , F , step times4 3 1 2
T and T , valve constants CV and CV are chosen to be1 4 2 t
decision variables. Upper and lower bounds for the decision
variables are specified in Table 6.

The optimization results are also shown in Table 6. We use
the design conditions as the benchmark. Here we obtain an
8% savings in specific work. The decision variables generated

Ž .from finite difference derivatives FD are not as good as
Ž .those generated from accurate sensitivities AC , due to

round-off errors. Here, the finite difference method calcu-
lates sensitivities 1.5 times as fast as DASPK, but rSQP con-
verges faster with fewer iterations with accurate sensitivities
from DASPK. Besides, finite difference derivatives are nois-
ier, which is indicated by the larger value of convergence er-
ror. Table 7 lists the convergence errors at the optimal solu-
tion.

The N profiles are shown in Figure 17. Note that at the2
Ž .optimal point for Opt AC in Table 6, specific power is re-

Žduced by lowering the feed flow rate for the given bed vol-
.ume , maintaining P at its lower bound and reducing the1

step time for the fourth step where the product is recovered.
This is also done at a slightly higher pressure in this step.

System 3
System 3 is very similar to System 2, except that the ad-

sorption bed is packed with two different adsorbents. The
adsorbent in the first one-third of the bed is inert, while the
adsorbent in the next two-thirds is active. This affects the
equilibrium partial pressure, the solid loading on the adsor-
bent, and the energy balance because of the change in ad-
sorption heat.

The bed profiles at CSS are shown in Figure 18. Compared
with System 2, the purity of O in System 3 is not as good2
because only two-thirds of the bed has active adsorbent. Dis-
continuities appear at the intersection of two adsorbent lay-
ers. This disjunction makes our system more nonlinear and
harder to solve via the direct-determination method. Here,
direct determination is successful only by using trust
regionrdogleg and scaling methods simultaneously. Other-
wise, Newton’s method or the trust region approach with dog-
leg step diverges frequently. The convergence process given
by the direct-determination method is shown in Figure 19. It
takes 1,800 successive substitution cycles to converge, while
direct determination requires only 3 Jacobian evaluations and

Table 10. Convergence Errors at the Optimal Solution for
System 3

Ž .	 L x , �x k k
Ž .Ic x I Iter. No. CPU h� Ž . �f x q1k k �

y5Ž .Opt FD 0.24 7.7�10 153 122.05
y3 y5Ž .Opt AC 3.2�10 8.2�10 51 68.65

Table 11. CPU Hours for Case Studies
Ž .Unconstrained CSS Constrained CSS design Optimization

Suc. Sub. Direct Det. Suc. Sub. Direct Det. Black Box Sim. Tailor

System 1 0.56 0.62 NrA 1.86 56 40.77
System 2 4.55 2.91 NrA 2.91 455 38.03
System 3 6.91 6.04 NrA 6.04 691 68.65
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( )Table 12. Physical Parameters in the Order of O , N2 2

Name Symbol Unit Case 1 Cases 2 & 3
y6 y7Affinity parameter b 1rkPa 1.52�10 , 6.98�10 ,0 y6 y72.20�10 1.48�10

y6d 1rkPa 3.24�10 ,0 y72.19�10
Heat of adsorption q Jrmol 13,494, 17,124 16,716, 28,476,i

11,298, 19,866
y4 y3Ž .Mass-transport coefficient k mol s �kPa �molsolid 9.87�10 , 7.40�10 ,i y4 y39.87�10 7.40�10

Length of adsorption column l m 1.83 0.46, 1.37
Diameter of adsorption column d m 4.25 3.66

3 3Internal void fraction � m voidrm vessel 0.3854 0.35B
3 3External void fraction � m voidrm vessel 0.6137 0.6T

3Bulk density of solid � kg �molrm 2958 3112s
Ž .Heat capacity of solid C Jrmol �K 0.900 0.838s

Diameter of adsorbent d m 0.0015 0.0023p
Saturation capacity of adsorbent m molrkg-mol adsorbent 4.13 1.17, 3.32

Ž .Gas constant R Jrmol �K 8.32 8.32E
Product tank pressure P kPa 113.89tan k
Molecular weight M grmol 32.0, 28.00, i

i Ž .Coefficients for heat capacity c Jrmol �K 25.48, 28.91p, A
i 2 y3 y3Ž .c Jrmol �K 15.18�10 , y1.569�10p, B
i 3 y6 y6Ž .c Jrmol �K y7.15�10 , y2.49�10p,C
i 4 y9 y9Ž .c Jrmol �K 1.31�10 , y2.86�10p, D y3 y3Ž .Coefficients for viscosity � molr s �m 4.39�10 , 4.47�100, i y5 y5Ž .� molr s �K �m 5.40�10 , 4.45�101, i

Table 13. Initial Conditions

Name Symbol Unit Case 1 Cases 2 & 3

Temperature T K 302.60 305.37
Pressure P kPa 101.33 101.33
Mole fraction y 0.95, 0.05 0.95, 0.05i

Table 14. Boundary Conditions

Name Symbol Unit Case 1 Cases 2 & 3
3Flow rate F mrs 11.80 4.73, 6.90

Valve constant CV 5.086 3.0, 1.336, 0.903, 1.673
Feed temperature T feed K 310.93 310.93
Feed pressure P feed kPa 96.87 101.33
Feed mole fraction Y feed 0.22, 0.78 0.22, 0.78

( )Table 15. Product Tank Cases 2, 3
3Product tank volume V m 141.59

Product tank outflow pressure P kPa 101.33tank t
Product tank valve constant CV t 0.139

several Broyden updates to converge to CSS. Again we ob-
serve some spikes due to the trial trust region sizes, but the
trust region approach is able to adjust itself and converge
successfully.

The same design variables and constraints are used as in
System 2. The results are shown in Table 8. In order to
achieve the same purity as System 2, we need to input less

Ž . Ž .flow F , retrieve more F , and set the valve smaller1 2
Ž .CV . The optimization problem formulation is also simi-t
lar. Again, F is lowered even further, P remains at its lower1 1
bound, and T is reduced, as in System 2. The optimization4
results are shown in Tables 9 and 10. However, because of
the inert adsorbent in the first third of the bed, we only

achieve a mere 2.6% savings in specific work when accurate
Ž .sensitivities from DASPK AC are used. The finite differ-

Ž .ence derivatives FD are so noisy that rSQP requires over
120 h and 150 iterations to find an objective function slightly
lower than the benchmark. Therefore, the finite difference
method is not always reliable and sometimes can yield unac-
ceptable results when models become complex. Figure 20
shows the N profiles under the optimal conditions.2

All programs were run on an i686 1GHz Linux machine.
Table 11 shows the CPU hours spent for each case study. For
the constrained CSS using successive substitution, the perfor-
mance depends on many tuning variables for the design loops.
This is unpredictable, and, thus, no estimate is included in
the table. However, we see that by adding design constraints,
the computational effort for the direct-determination method
rarely increases, which is a big advantage over successive sub-
stitution. The cost for optimization using a black-box ap-
proach is approximated by multiplying the CPU time for CSS
convergence run by the successive-substitution method with
100 experiments that are typically carried out to determine
the optimal conditions. While some of these experiments may
take less time by restarting at previous CSS points, it is clear
from this comparison that the simultaneous tailored ap-
proach can significantly improve the optimization efficiency.

Conclusions
In this work, the performance of successive substitution and

a Newton-based approach are compared for converging PSA
systems. Using the method of lines, we modified the van Leer
flux limiter to smooth the sensitivity calculation, yet still keep
its extraordinary ability to track steep fronts accurately. For
highly nonlinear and ill-conditioned PSA models, a trust re-
gionrdogleg step and scaling are used to ensure robust con-
vergence. Here pure Newton performs much worse and often
leads to divergence. For design problems, direct determina-
tion requires little additional computational effort and is ef-
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( ) ( ) ( )Figure 18. a N mole fraction; b N loading; and c2 2
temperature profiles at cyclic steady state for
system 3.

fective in satisfying multiple control objectives. Thus, it is
more advantageous and efficient than successive substitution.

Moreover, a simultaneous tailored approach and state-of-
the-art rSQP optimization strategy have been successfully im-
plemented to design optimal PSA processes. We improved
the optimization algorithm within rSQP by including a dogleg
step so the convergence property has been enhanced for CSS
constraints. Low-order methods such as Lagrange polynomial
approximation can be used to simplify the model and save
computation time. However, the accuracy of design and espe-
cially optimization solutions may be sacrificed. We illustrate
these approaches using three case studies, which are of a rea-

Figure 19. Comparison of convergence speed of suc-
cessive substitution and direct determina-
tion for system 3.

( ) ( )Figure 20. a N loading; b N mole fraction: bed pro-2 2
files under optimal condition for system 3.
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sonably high level of difficulty. Although our case studies are
all based on single-bed processes, the same approaches and
ideas can be applied directly to multibed processes.

For future work, we will explore optimization techniques
for interacting multibed processes. Because of these interac-
tions, the storage and retrieval of profiles and their sensitivi-
ties for different steps poses a challenging problem. Finally,
since the Jacobian calculation is a bottleneck to our algo-
rithm efficiency, we will use parallel computing to speed up
the sensitivity calculation. By spreading sensitivity parame-
ters over different processors, the workload of each processor

Žcan be reduced by almost 1rNP of the original load where
.NP is the number of processors and the computation time

can be greatly reduced.
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Notation
b, dsaffinity parameter of adsorbent

c sheat capacity of adsorbents
c i scomponent heat capacity at constant pressurep
d sadsorbent particle diameterp
hsmixture enthalpy

k scomponent mass-transfer coefficienti
Msgas mole weight
m ssaturation capacity of adsorbenti
n ssolid-phase loadingi

n� scomponent equilibrium loadingi
Pstotal bed pressure
P scomponent partial pressurei

P� scomponent equilibrium partial pressurei
q scomponent heat of adsorptioni

R , R sgas constantsE P V
Tstemperature
®ssuperficial velocity

Greek letters
� sinterparticle void volume of adsorbentB
� stotal void volume of adsorbentT
�sgas viscosity
� scomponent molar densityi
� sbulk density of adsorbents
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